The inverse problem of determining the unknown coefficient of the non-linear differential equation of torsional creep is studied. The unknown coefficient g = g(ξ 2 ) depends on the gradient ξ := |∇u| of the solution u(x), x ∈ Ω ⊂ R n , of the direct problem. It is proved that this gradient is bounded in C-norm. This permits one to choose the natural class of admissible coefficients for the considered inverse problem. The continuity in the norm of the Sobolev space H 1 (Ω) of the solution u(x; g) of the direct problem with respect to the unknown coefficient g = g(ξ 2 ) is obtained in the following sense:
Introduction
We study the inverse problem associated with the following non-linear boundary-value problem:
−∇(g(|∇u| 2 )∇u) = 2ϕ, x ∈ Ω ⊂ R n , u(s) = 0, s ∈ Γ = ∂Ω,
related to the elastoplastic torsion of a homogeneous isotropic bar. The domain Ω corresponds to the cross section of the bar under torsion, and is assumed to be bounded and simply connected with a C 2+ , ∈ (0, 1), boundary. The 'inverse problem' here consists of the determination of the unknown coefficient g(ξ 2 ), ξ 2 : = |∇u| 2 , from an experimentally given value T := T (ϕ) of torque (or torsional stiffness), defined as
during the quasi-static process of torsion, given by the angle ϕ ∈ [ϕ * , ϕ * ], ϕ * > 0. The quasi-static process of torsion is generated by the monotone increasing values of the angle ϕ ∈ [ϕ * , ϕ * ]. It is assumed that the value ϕ 0 ∈ (ϕ * , ϕ * ) of the angle of twist corresponds to beginning plastic deformations, which means there arise only pure elastic deformations if the angle ϕ > 0 belongs to the interval [ϕ * , ϕ 0 ]. Within the range of the considered physical model, the function u(x) in (1) denotes the deflection function, and its gradient |∇u| = u 2 x 1 + u 2 x 2 1/2 means the strain intensity.
The function g(|∇u| 2 ), defined to be 'the plasticity function' (Langenbach, 1964; Kachanov, 1967) , determines elastoplastic properties of a homogeneous isotropic bar. According to J 2 -deformation theory of plasticity, this function satisfies the following conditions (Kachanov, 1967 (Kachanov, , 1974 Koshelev, 1954; Mamedov, 1995) :
where c 1 = 3G and the parameters G = E/(2(1 + ν)) > 0 and ξ 0 > 0 are defined to be the modulus of rigidity and the elasticity limit, respectively. Physically, for any positive value ϕ > 0 of the angle, all points of the bar have non-zero strain intensity. This means that the condition ξ * > 0 in (i) is meaningful. Further, condition (iv) means that the elastic deformations precede the plastic ones. The conditions (i) and (ii) imply the ellipticity of (1) and hence positivity of the function u(x) in Ω.
Since the material considered is homogeneous, all points of the bar under torsion are deformed through the same 'deformation curve' σ (ξ ) = g(ξ 2 )ξ , ξ ∈ [ξ * , ξ * ], when the angle increases from ϕ * > 0 to ϕ * > 0, and different points of the bar correspond to different parts of the deformation curve, due to their deformation level. Therefore, the above inverse problem can also be treated as the problem of reconstructing the monotone increasing curve σ (ξ ), ξ ∈ [ξ * , ξ * ], from the experimentally given monotone increasing curve
The class of functions satisfying the conditions (i)-(iv) is defined to be 'the set of admissible coefficients G' for the considered inverse problem. For a given coefficient g: = g(ξ 2 ), the non-linear boundary-value problem (1) will be referred to as a 'direct problem'.
Mathematical problems associated to torsion and torsional creep have recently been studied in Ladyzhenskaya & Ural'tseva (1968) , Langenbach (1964) , Kachanov (1967 Kachanov ( , 1974 , Koshelev (1954) and Mamedov (1995) . In particular, the mathematical model for torsional creep has been proposed in Langenbach (1964) and Kachanov (1967) , with a maximum principle for the non-linear boundary-value problem (1) derived in Payne (1977) . The existence of a solution of the non-linear problem (1) has been investigated by several authors (see, e.g. Langenbach, 1964; Koshelev, 1954) . For more general quasilinear elliptic operator, given by (8), an existence of the weak solution under some general conditions has been given in Ladyzhenskaya & Ural'tseva (1968) . An analysis of the non-linear problem from the point of view of monotone potential operators has been given in Hasanov (1997) . Here, the existence and uniqueness of the weak solution u ∈H 1 (Ω) of problem (1) is obtained as an application of the Browder-Minty theorem (see, Hasanov, 1997 , Theorem 2.1), without any assumption with respect to the boundedness of ξ * := ∇u C , where • C is the C-maximum norm in the space of continuous functions.
The inverse problem of determining the unknown coefficient g(ξ 2 ) from an experimentally given value T = T (ϕ) of torque has been formulated in Mamedov (1995) . Although this problem is interesting from both mathematical and engineering points of view, as the problem of determining the leading coefficient in a non-linear elliptic equation from an additional non-local condition, it has received relatively little attention in the mathematical literature. Similar problems, related to the determination of the unknown leading coefficient in non-linear equations of elastoplasticity from an additional non-local condition, have been considered in Hasanov (1995 Hasanov ( , 1997 .
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In this paper, we study the inverse coefficient problem (1-2) based on the quasi-solution approach given by Ivanov et al. (1978) and Tikhonov & Arsenin (1977) . In this approach, an existence of a quasisolution g ∈ G, i.e. a solution of the minimization problem for the cost functional J (g) = Φ[g] − T , depends on two factors: continuity (in an appropriate sense) of the cost functional and compactness of the class of admissible coefficients G. It is well known that the class of uniformly bounded and monotone functions is compact in L 2 , due to Tikhonov's lemma (Tikhonov & Arsenin, 1977) . Extending this result, it is proved in Hasanov (1997) that if the class of admissible coefficients G satisfies some additional conditions (namely, conditions (12) and (c), in Hasanov, 1997) , then this class is compact in the Sobolev space H 1 [ξ * , ξ * ]. This result then has been applied to the inverse problem (1-2).
Note that the additional conditions (12) and (c), imposed in Hasanov (1997), may not be fulfilled for real (physically possible) class of admissible coefficients.
In this paper, we consider the non-linear inverse problem (1-2) for more natural and wider class of admissible coefficients. The first class of coefficients is very similar to the class given in Tikhonov & Arsenin (1977) , and is also compact in H 1 [ξ * , ξ * ]. The second class of admissible coefficients is essentially different from the previous one and is compact in C[ξ * , ξ * ]. To obtain this result, we prove the boundedness of the norm ∇u C and then apply the Arzela-Ascoli theorem.
The paper is organized as follows: In Section 2, we derive some boundedness and monotonicity properties of 'the torque functional Φ[g]'. In Section 3, we prove the boundedness of the gradient of the direct problem solution u(x) in C-norm. This permits one to consider the class of admissible coefficients G := {g(ξ 2 )}, whose elements are defined in the bounded interval [ξ * , ξ * ], where ξ * , ξ * > 0 are the finite numbers. Continuity of the solution u(x; g) of the direct problem with respect to the unknown coefficient g = g(ξ 2 ) is obtained in Section 4. The classes of admissible coefficients G are derived in the Section 5. Based on these results, an existence of a quasi-solution of the inverse problem is proved. In Section 6, some numerical examples related to determination of the unknown coefficient g(ξ 2 ) from exact data are presented.
Some boundedness and monotonicity properties of the torque functional Φ[g]
First, consider the direct problem (1) for pure elastic torsion. In this case g(ξ 2 ) = 3G, and we may apply the maximum principle (Protter & Weinberger, 2004) to the linear problem
Since the right-hand side 2ϕ/(3G) is positive, we conclude u(x; G) > 0, ∀ x ∈ Ω. Let us now assume that G 1 > G 2 > 0 and denote by u i : = u(x; G i ), i = 1, 2, the corresponding solutions of the direct problem (1). Since 2ϕ/(
Taking into account the definition of the torque, we obtain
LEMMA 2.1 The non-linear functional Φ[G] defined by (2) is an antitone mapping from G to R + , i.e.
This result has a precise physical meaning: an increase of the parameter G > 0 means an increase of the rigidity of a material and, as a result, leads to decreasing of the torque. On the other hand, due to the continuity and strict monotonicity of the input-output mapping Φ[•]: G → R + , this mapping is invertible. Hence, reformulating the inverse problem (1-2) in the operator form
we conclude that in the pure elastic case the considered inverse problem has at most one solution. Let us derive now some bounds for the torque in terms of the H 1 -norm of the direct problem solution u. The weak solution u ∈H 1 (Ω) of problem (1) satisfies the following integral identity:
Substituting here v(x) = u(x) and taking into account the definition (2), we get
Using here the boundedness of the coefficient g(ξ 2 ), given by condition (i), we obtain the following bounds for the torque:
Boundedness of the norm ∇u C
The boundedness of the norm ∇u C := max Ω |∇u| of the solution u ∈H 1 (Ω) of the non-linear boundary-value problem
with the divergent-form elliptic operator, has been obtained in Ivanov et al. (1978) under the following general assumptions:
where
We apply this result to problem (1) with n = 2, ξ = | p| and
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Calculating the derivatives ∂a i (x, u, u x )/∂ p i , we get
Then, the quadratic form in the first condition of (9) becomes 2 i, j=1
We use the properties (i) and (iii) in (3) to obtain the upper estimate for the right-hand side of (10):
2 ) This means that the right-hand side inequality in the first condition (9) holds with ν 1 (|u|) = c 1 > 0 and m = 2.
Let us prove now the fulfilment of the left-hand side inequality in the first condition of (9). For this aim, we use the inequality
2 ) in right-hand side of (10), taking into account the properties (ii) and (iii) of the function g(ξ 2 ). Then, we have
2 ). Therefore, the left-hand side inequality in the first condition of (9) also holds, with ν 0 (|u|) = c 2 > 0 and m = 2.
Next, we analyse the fulfilment of the second condition of (9). We have
and the second condition of (9) becomes
To prove this, we use the inequality
This means that the second condition of (9) holds with the same m = 2 and μ(|u|) = √ 2c 1 + 2ϕ.
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A. HASANOV AND A. ERDEM Applying Theorem 4.1 (Ladyzhenskaya & Ural'tseva, 1968, Chapter 4 .1), we obtain the following result.
LEMMA 3.1 If conditions (i)-(iii) hold, then for the solution u ∈H 1 (Ω) of the non-linear problem (1), the following estimate holds:
where ξ * > 0 depends only on the constants c i given in (i)-(iii) and the angle ϕ > 0.
This result is an essential one from the point of view of the class of admissible coefficients G. In particular, the above theorem implies that the function g(ξ 2 ), ξ = |∇u|, has the bounded domain of definition [ξ * , ξ * ], with ξ * < ∞.
Continuity with respect to the coefficient
First, we need the following auxiliary result related to conditions (ii) and (iii). We formulate this result in the following general form.
LEMMA 4.1 Let Q: = Q(r 2 ), r : = |x|, x: = (x 1 , x 2 , . . . , x n ) ∈ R n and Q: = Q(r 2 ) be a differentiable function defined on [x * , x * ] satisfying the following conditions:
Then, the following inequality holds:
where the left-hand side is the scalar product in R n andr := |x|.
Proof. For given x,x ∈ R n , we define the 1D function
Transforming the left-hand side of (12), we get
Calculate the derivative q (t) and use the condition Q (r 2 ) 0. Then, we have
By the first condition of (11), we have the proof.
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In the view of the function g(ξ 2 ), fulfilment of conditions (11) means the fulfilment of conditions (ii) and (iii). Thus, applying the above lemma to the function g(ξ 2 ), we obtain the following corollary. COROLLARY 4.1 If conditions (ii) and (iii) hold, then the function g(ξ 2 ) satisfies the following inequality:
This corollary, in particular, means also the increasing monotonicity of the deformation curve σ (ξ ) = g(ξ 2 )ξ .
Let us analyse now the continuity of the direct problem solution u(x; g) with respect to the coefficient g = g(ξ 2 ). Proof. The weak solutions u(x; g), u(x; g m ) ∈H 1 (Ω) of the direct problem (1) satisfy the following integral identities:
Substituting in the first integral identity v = u m − u and in the second one v = u − u m , we get
These identities imply
Adding and subtracting the term Ω g m (|∇u| 2 )∇u∇(u m − u), we get
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We use inequality (13) on the left-hand side of this identity, and apply the Cauchy inequality on the right-hand side. Then, we have
Hence,
Due to condition (i), we may estimate the term [g m (|∇u| 2 ) − g(|∇u| 2 )] 2 |∇u| 2 under the right-hand side integral:
Hence, according to the Lebesgue dominated convergence theorem, the right-hand side of inequality (14) tends to zero and we have the proof.
REMARK 4.1 We can use the estimate ∇u C ξ * on the right-hand side of (14) to obtain
From this estimate, we get the well-known result (Ladyzhenskaya & Ural'tseva, 1968) : if g m − g 0 → 0, then ∇(u m − u) 0 → 0 as m → ∞.
Compact classes of admissible coefficients and existence of a quasi-solution
Let us consider the set of admissible coefficients G defined by conditions (i)-(iv). As it was noted, the class of monotone and uniformly bounded functions is compact in H 0 ≡ L 2 , according to Tikhonov's lemma (Tikhonov & Arsenin, 1977) . Conditions (i) and (iii) guarantee, accordingly, the uniform boundedness and monotonicity of the set of admissible coefficients g (ξ 2 ). Thus, the class of functions satisfying conditions (i) and (iii) composes a compact set in H 0 [ξ * , ξ * ]. We denote this set by G 0 ∈ H 0 [ξ * , ξ * ]. Let {g m (ξ 2 )} ⊂ G 0 be a sequence of coefficients which converges to the function g (0) (ξ 2 ) ∈ G 0 in H 0 -norm. Evidently, the limit function g (0) (ξ 2 ) may not belong to the set of admissible coefficients G, due condition (ii). On the other hand, condition (ii), with the boundedness of the norm ∇u C , guarantees the uniform boundedness of the set {g (ξ 2 )} in H 0 [ξ * , ξ * ]. Indeed,
due to g (ξ 2 ) 0 and g (ξ 2 ) = 0 for ξ ∈ [ξ * , ξ 0 ]. Since ξ 0 > 0, the above inequality implies 0 g (ξ 2 ) − c 1 − c 2 2ξ 2 0 , ξ 0 > 0.
Evidently, c 1 > c 2 due to c 2 g(ξ 2 ) + 2g (ξ 2 )ξ 2 c 1 .
To apply again Tikhonov's lemma to the uniform bounded set {g (ξ 2 )}, we assume that g (ξ 2 ) is a monotone decreasing (or increasing) function.
